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INTRODUCTION 
The discovery by Jones [4] of a new isotopy invariant of classical links, 
and its subsequent generalizations [3, 7a, 7b, 7c], has lead to renewed 
interest in algebraic representations of knotting and linking. 
Prompted by this, Yetter [16] analysed the structure of “categories of 
tangles” to give a combinatorial description of composition of generalized 
tangles. In that work a great simplification was achieved by using a 
monoidal structure on the categories considered. As we shall see, the 
assumption in [ 161 that links (or more generally “Markov classes”) arise 
by the imposition of extrinsic structure (i.e., Markov moves) is unnecessary 
when the full categorical structure (including the correct generalization of 
compact closedness to the non-symmetric case) is understood, an observa- 
tion first made by Freyd [a]. This observation leads to a clear representa- 
tion-theoretic view of the new link invariants and, when coupled with the 
encoding of framings by a modified diagrammatic “isotopy” rather than the 
labels used in [ 161, to an “algebraicized” Kirby calculus from which it is 
actually possible to calculate invariants of 3-manifolds from their surgery 
presentation. 
In a parallel development, Joyal and Street [IS, 141 have considered 
“braidings” in the context of monoidal category theory: a “braiding” is a 
natural family of maps 
a/,,:A@B+B@A 
satisfying all the usual properties for a symmetry in monoidal category 
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theory including the invertibility of the components, but excluding the 
usual requirement 
g.4.B”B.A - ,408. -1 
The first connection between braided categories and topology is given by 
Joyal and Street’s characterization of the free (strict) braided monoidal 
category as the category of geometric braids. We are indebted to them for 
the influence of their work and numerous helpful suggestions. 
1. DEFINITIONS AND LEMMAS FROM CATEGORY THEORY 
We begin by recalling some notions from the theory of monoidal 
categories: 
DEFINITION 1.1. A nzonoidal category’ V = (V, 0, Z, CI, p, i) consists of a 
category V, a functor @ : V x V + V (written in infix notation), and 
natural isomorphisms c(~,~,~.: (A@B)@C+A@(B@C), p,,:A@Z-+A, 
and A,,: I@ A + A such that 
Ml 
M2 
(A@Z)@BA A@(Z@B) 
A@B 
V is strict if all components of ~1, p. and 2 are identity maps. 
Much of the following will be simplified by the fact that the monoidal 
categories arising from topological considerations are strict, and by the 
coherence theorem of MacLane [ 121, by which any monoidal category is 
equivalent to a strict monoidal category. That is, one may safely assume 
that all monoidal categories are strict. 
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Following Joyal and Street [S] we make 
DEFINITION 1.2. A braiding in a monoidal category is a natural 
isomorphism 
satisfying 
Bl 
AO(BOC) A (B@C)OA 
% 
/ 
2 
\ 
(AOB)OC BO(COA) 
O@C 
\ / 
B@O 
(BOA)@C--, B@(AOC) 
B2 
(A@B)@CA CO(AOB) 
A@(C@B)- 
3-1 
(AOC)OB 
For the “correct” generalization of compact closed categories to the 
non-symmetric case, we take the following partially restricted version of 
the notion of pivotal category (see Joyal and Street [.5] for the relaxed 
version 1. 
DEFINITION 1.3. A (strict) pivotal category is a monoidal category, V, 
equipped with a (strict) anti-involution of monoidal categories (-)* (i.e., a 
contravariant functor, satisfying moreover (fog)* =g* of*, I= I*, and 
(()** = Id,), and a family of maps 
satisfying 
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Pl 
(AOB)O(B*OA*) x .4@(B@(B*@A*))3=+ AO((BOB*)OA*) 
P2 
and, letting qA = (Ed*)*, 
P3 
Ll* P A* 
/ 
i 
B*OI I@A* 
/ 
Epc3.4’ 
B*@(A@A*)w B*@“@A*) B*@(B@A*) * ’ + (B*@B)OA* 
We then have 
LEMMA 1.4. A pivotal category is closed in the sense that for all objects 
B, the finctor - @ B has a right adjoint Hom( B, --). 
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Proof: Let Hom( B, -) = ~ @ B*. The component of the unit (resp. 
counit) for the adjunction at an object A is then A @qe (resp. A@E~). All 
necessary verifications follow routinely from P3 and are left to the reader. 
The following definition and lemma (found in Kelly and Laplaza [9] 
for the symmetric compact closed case) are crucial to the applications of 
pivotal categories in low dimensional topology: 
DEFINITION 1.5. The trace of an endomorphism f: A + A in a pivotal 
category is the endomorphism of Z given by the formula 
LEMMA 1.6. In any pivotal category, the trace satisfies 
Wg) = trkf) 
whenever f: A -P B and g : B -+ A for anq’ objects A and B. 
The reader will note that this trace is preserved by monoidal functors 
which preserve (-)* and E (henceforth called piootal.functors), and that if 
the pivotal category is additive, then this is a trace in the ordinary sense, 
taking values in the ring End(I). 
2. DEFINITIONS AND LEMMAS FROM CLASSICAL KNOT THEORY 
Throughout, we work in the piecewise-linear category, except where it is 
necessary to pass to the smooth category to discuss framings of the normal 
bundle, and we assume that S3 is endowed with a fixed orientation. 
We recall the standard reduction of ambient isotopy of piecewise-linear 
links in S3 to combinatorial moves on regular projections with specified 
crossing and orientation data (i.e., Knot diagrams) given in Reidemeister 
[ 133 (see also Burde and Zieschang [ 1 ] for a good exposition): 
DEFINITION 2.1. A link diagram is a projection of a link in [w3 onto a 
plane (if we wish we may choose a copy of S’ in S” and project 
stereographically from any point on it but not on the link) such that the 
resulting curve has only isolated doubie points with transverse intersection 
as singularities, together with a choice at each double point of which line 
is the overcrossing (and, if the link is oriented, the orientation inherited 
from the link). 
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THEOREM 2. (Reidemeister). TLVO links are ambient isotopic !f and only ij 
the}2 have knot diagrams ,rJlich are equivalent under 
Q.0 Isotopies of the plane qf projection 
Q.l 
b 
‘I 
52.3 
i 
-\ 
/ 
> 
\ 
f) 
/ 
Furthermore, isotopies of the projection can he replaced with moves of the 
f orms 
A.nl 
162 
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A-A \ / 
By abuse of language we will say that two diagrams related by the moves 
of the previous proposition are isotopic. It is also necessary, following 
Kauffman, to make 
DEFINITION 2.3. Two knot diagrams are regulurlv isotopic if they are 
equivalent under moves 52.2, 0.3, Axl, and A.7c.2 (no Q.l!). 
Finally, we make 
DEFINITION 2.4. A tangle is a portion of a knot diagram contained in a 
rectangle, and incident with the boundary only on the top and bottom 
edges, where it intersects transversely. We say that two tangles are equal if 
there is an isotopy of the plane carrying one to the other in such a way that 
corresponding edges of the rectangle are preserved setwise. 
3. CATEGORIES OF TANGLES 
We begin with an omnibus definition: 
DEFINITION 3.1. The category of oriented tangles up to regular isotopy 
(resp. oriented tangles up to isotopy; unoriented tangles up to regular 
isotopy; unoriented tangles up to isotopy; S-colored oriented tangles up to 
regular isotopy; . ..). denoted IwOUanrmg (resp. OUarmg; RUaung; Tauug; 
S-ROTaung; . ..). is the category whose objects are words on the symbols 
( 1, 7 } (resp. words on the symbols ( 1, r }; natural numbers; natural 
numbers; words on the symbols ( 1, 7 ) x S; . ..) and whose maps are 
named by oriented tangles (resp. oriented tangles; unoriented tangles; 
BRAIDED COMPACT CLOSED CATEGORIES 163 
unoriented tangles; oriented tangles each arc of which is assigned a “color” 
from the set S; . ..) with two tangles naming the same map if they are 
regularly isotopic (resp. isotopic; regularly isotopic; isotopic; regularly 
isotopic with no color changes permitted; . ..). The source/target of a tangle 
is the word of local orientations for (resp. word of local orientations for; 
number of points in; number of points in; word of local orientations and 
colors for; . ..) the intersection with the top/bottom of the bounding rec- 
tangle. In all cases composition is made by matching top and bottom of 
tangles. Moreover, each of the categories has a strict monoidal structure in 
which the map f@g is obtained by matching the right edge of a repre- 
sentative off‘with the left edge of a representative of g, the identity object 
being the empty word (resp. the empty word: 0; 0; the empty word: . ..). 
The composition and monoidal structure are illustrated in the following 
scheme: 
1 
164 FREYD AND YETTER 
THEOREM 3.2. ROTmng (resp. OTaung; IRTaong; Taq; S-Rolfarm~; . ..) 
has a braiding, o, in which (T,~,~ is given by passing the strands of A over the 
strands of B. 
Proof. The proof is essentially the same as that given in the case of the 
braid category, EL, in Joyal and Street [5]; as was dune there, we give 
pictorial proof: 
For naturality: 
and for BI: 
‘x / 
h\ ‘Y lb 1, 
Y 2 X 
X Y z X Y 2 
\v 
7 ‘Y 
‘X 1, 
Y 
r  
\f!J 
X 2 
lyj /4jf( \
Y z X 
= 
X Y 
7 
‘Y 
‘X 
A 
Y X 
9 f 
W z 
(this latter is idential to the case of B), B2 being similar. 
However, our categories of tangles enjoy a property not enjoyed by El, 
namely, the pivotal structure. To see this we begin with the following 
lemma, the proof of which is trivial: 
LEMMA 3.3. ROUaung (resp. OUauug; RUmg; Umng; S-ROUmng;...) is 
equipped with an anti-involution (-)*, given on maps by rotating the 
rectangle containing the tangle through n about an axis perpendicular to the 
plane of projection. (-)* is an anti-involution Mith respect to both composi- 
tion and 0. 
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THEOREM 3.4. ROTaoo~, OTJNJ~, IwTaun~, Taq, and S-ROUaun~; are 
pivotal, with (-)* being the contravariant functor of Lemma 3.3, the 
necessary maps E,., : A 0 A* -+ I obtained Hal placing A @ A* on the top edge 
of a rectangle, and connecting pairs of points beginning with the middle two 
and working out,i’ard by arcs (suitably oriented and colored if needed), as, 
.for example, in the following scheme: 
944f4 
6441 
Proof: P2 holds since the tangle for each leg is the empty tangle. For 
Pl, consider the isotopy of the plane given schematically by 
Finally, for P3 consider 
tally by 
the isotopies of the plane embodied schemati- 
BX 
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We are now in a position to approach the main result: In the case of 
regular isotopy, Theorems 3.2 and 3.4 completely determine the structure of 
the category. 
To show that the knot theory exactly corresponds to the category 
theory, we need a slightly modified version of the combinatorial description 
of composition in the tangle categories given in Yetter [ 161. The proof by 
considering Reidemeister moves is essentially the same as given there. 
THEOREM 3.5. Composition in IJKDU~UUOJ, OTW~J, RTaung, Uhnrmg, and 
S-IWOUaun~ is completely determined bv the monoidal structure and the 
relations 
Tl:cJ A,BOB,A - AQB, --I -1 
~:(CA,B OC)(BOcr.,,.)(aB,,‘OA)= (AO”B..)(aA,.OB)(COo,,,), 
T3: (AO~A)(&AOA)=~A=(~A*OA)(AO&A*), 
T4:(a,,,OA*)(BO&,)=(AOa,:.)(&,OB), 
T5: (?AOB)(A*O~A,B)=(BO~.~)(~B,~*OA), 
and in the case of tangles up to isotop.v 
T6: (AO?A*)(~A,AOA*)(AO&A)= 1~ 
and the same with all occurrences of o replaced with 0-l and vice versa, 
where A, B, and C are objects whose identity maps are single arcs. 
The reader will note that the relations (except T6) hold for more general 
objects, but it is the “one strand” form which results directly from analysis 
of isotopies of the plane and Reidemeister moves. 
We can now prove the main theorem: 
THEOREM 3.6. [WOlJaung (resp. IWTaung, S-[WOlfana~, S-[WUang) is the 
free (strict) braided (strict) pivotal category on one object generator (resp. 
one object generator fixed by (-)*, a set S of object generators, a set S of 
object generators each fixed by (-)*). 
Proof: By Theorems 3.2 and 3.4, each of the categories is a braided 
pivotal category (for brevity we omit the word strict throughout the proof). 
Thus we must show that given any braided pivotal category, C, and an 
object X (resp. an object, X, fixed by (-)*; a set of objects, X,V, s E S; a set 
of objects, X,, s E S, fixed by (-)*) therein, that there is a unique pivotal 
functor from [wOUa~nnq (resp. KlJhnng, S-[WOUarmg, S-[WUang) to C, preserv- 
ing the braiding, and carrying 1 (resp. 1, ( 1, s), s) to X (resp. X, X,7, X,). 
Uniqueness is the easiest part: since [WOTang (resp. [WUang, S-[WOUanq, 
S-[WUaunq) is generated, as a monoidal category with an operation (-)* on 
objects, by the objects 1. (resp. 1, ( 1, s) for s E S, s for s E S) and the gA.B, 
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-1 
‘A.B? EAT and Y],~, where A and B range over the objects just listed and 
their duals (i.e., images under (()*), there can be at most one monoidul 
*-preserving functor mapping the objects as above and preserving these com- 
ponents of the braiding and pivotal structure. 
To see that there is such a functor, it suffices to show that Tl-73 hold 
for the components of the braiding and pivotal structure corresponding to 
any objects A, B, and C in any braided pivotal category. 
Tl is immediate. 73 is precisely P3 (when restricted) applied to B = A 
and f = Id 4. T2 follows from BI and the naturality of G. For T4 consider 
A@A*OB- 
,. 0 B 
I@B 
T5 follows from a similar diagram involving B2. 
Thus there is a unique *-preserving (on objects) monoidal functor, F, 
mapping the objects as above, and preserving the components of the braid- 
ing and pivotal structure as above. Now we must show that F preserves the 
rest of the structure: the full braiding, (-)* as an anti-involution of 
monoidal categories, and all componets of E. 
Let A be any object of R0Uaun~ (resp. R’Uaun~, S-ROTarug, S-RTaung), 
then A is uniquely a tensor product of the purported generating objects 
and their duals. Let 1 A 1 be the number of generators and dual generators 
in such an expression for A. 
To see that F preserves all components of the braiding, proceed by a 
double induction on (1 A /, 1 B). If 1 A I is 0 (i.e.. A = I), then note that by 
strictness and the coherence theorem of Joyal and Street [S] for braided 
categories, a,, A is the identity for I@ A = A = A @I, in both the source and 
the target category, and thus is preserved. The case of I BI = 0 is similar. 
The case of I A I = 1 = I BI is precisely the case of those components 
known to be preserved by the construction of F. 
Now suppose we have shown the result for all A and B with 1 A 1 <n and 
IBI <m. Consider A and B such that JAI =n+ 1 and B=m. Now we can 
write A = A’ @ X, where X is a generator or dual generator. Then by our 
induction hypothesis both a,\-, B and a,4.,B are preserved. Thus since F is a 
strict monoidal functor, we have that (A’ @aL.,B)(aA.,B@ X) is preserved, 
and thus by El in both the source and target categories, we have that a,4,B 
is preserved. 
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The induction step for 1 A 1 = n, 1 Bl = rn + 1 follows by a similar use 
of B2. 
To show that all components of E are preserved, note that by P2 and 
strictness, c, is the identity on Z, and is thus preserved, while if 1 A 1 = 1, E,~ 
is preserved by the construction of F. For (A / > 1, proceed by induction, 
using Pl in both categories to reexpress F~ in terms of c’s for smaller 
objects. 
Similarly using the duals of Pl and P2, one can show by induction that 
F preserves all components of 9. 
Finally, we must show that F preserves (-)* on maps, but this follows 
since P3 holds in both categories and F preserves the E’S and the q’s 
COROLLARY 3.7. To ver[fi that a natural transformation G.~.~: A 0 B -+ 
BQ A in a (strict) pivotal category, @, is a braiding, it suffices to check 
TILT5 for A, B, arid C ranging ouer a family of object generators for @. 
Notice that in the case of the various categories of tangles up to isotopy, 
the “trace” of Definition 1.5 is precisely the link (oriented; unoriented; 
colored and oriented: . according to which category we are working in) 
obtained by closing the tangle in the sense of closing a geometric braid. 
Thus, in light of the freeness conditions of Theorem 3.6, to find new link 
invariants, it suffices to find an object, X (or in the colored case an 
S-indexed family of objects), in any braided pivotal category, @, which 
satisfies the additional relation T6 with respect to the given braiding, to 
carry tangles into @ by the induced pivotal functor preserving the braiding 
and taking the generator to X, and to compute the trace in @. (Of course, 
@ must be of such a nature as to make computation possible, but we shall 
see that whole infinite families of such are available.) 
Following Kauffman’s ideas, however, we can make the task even easier. 
In [7a] Kauffman uncovers a new link invariant (and “explains” the 
homfly polynomial) by first constructing an invariant of framed links (that 
is, of links equipped with a choice of a section of the bundle of unit normal 
2-frames), then normalizing to the zero framing on all components. To 
make this explicit, notice that an oriented knot diagram can be regarded as 
describing a framed link as follows: one normal vector in the framing is the 
unit normal parallel to the plane of projection. and lying to the right when 
facing along the link in the direction of the orientation, the other is the 
cross product of this vector and the unit tangent vector (recall we have 
fixed an orientation of the ambient spase). 
Isotopies of the projection, and Reidemeister moves 52.2 and 52.3, thus 
preserve this framing, while Q.! does not-instead a loop puts a twist in the 
framing, either positive or negative depending upon the type of crossing. 
However, knot diagrams up to regular isotopy are not the same as framed 
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links. For example, both of the diagams in the following scheme are the 
unknot with the 0 framing, but are not regularly isotopic (since regular 
isotopies preserve total curvature): 
c-1; c.J 
We must recover part of the force of Reidemeister move R.l, to wit we 
must add a move R.1,: 
52.1,: 
Note that this move can be done on any number of parallel strands. 
Recalling the notation for maxima, minima, and crossings in terms of the 
structure of braided pivotal categories, we make: 
DEFINITION 3.8. iFoTaq, the category of framed tangles, is the free 
(strict) braided (strict) pivotal category on one object generator module 
the relation 
T6,: (vAOA)(A*OaA 4 (, )(&A*OA)(II.~OA)(A*Oa,4,Iq)(eq*OA)= 1,. 
Of course, in Kauffman [7a] any change in the framing resulted in a 
change by an easily computable scalar multiple, and hence one could com- 
pute given any knot diagram, then after the fact compute the scalar correc- 
tion and multiply by the correction. In our general setting, given a knot 
diagram, we can regard it as a framed link, then modify it by adding 
“loops” with appropriate crossings so as to give each component the 0 
framing, then, having found an object in a braided pivotal category which 
satisfies T6,, compute the resulting invariant of framed links for our new 
diagram. More generally, by considering constant framings (i.e., the same 
framing on each component) we can derive Z-indexed families of R-valued 
link invariants (or for S-colored links, Zs-indexed families). 
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Of course, there are good reasons to be interested in framed links in their 
own right. For instance, the phenomenon of plectonemic coiling of DNA 
suggests that in applications of knot theory to molecular biology, DNA 
molecules and catenanes should be regarded as framed links, not merely 
links. More importantly, the study of framed links is closely related to 
3-manifold topology. 
Recall the theorem of Lickorish [ 1 l] and Wallace [ 151 that every com- 
pact orientable 3-manifold arises (up to PL-homeomorphism or diffec- 
morphism, depending on the choice of category) as the boundary of a 
4-manifold, M, where M is obtained by attaching 2-handles to the 4-ball, 
lEb4, along some framed link lying in the bounding S’. 
The question of when two instances of this construction give rise to 
diffeomorphic 3-manifolds was settled by Kirby [lo]. Kirby’s original 
calculus, involving “band sums” of link components, is ill-adapted to our 
purposes; however, an equivalent set of “moves” given by Fenn and 
Rourke (see [lo]) fits nicely into our categorical framework. (Indeed the 
representation of framings by diagrammatic “isotopies” renders this version 
of the calculus easier to use.) 
Remembering our convention for representing framings in IfoUaoog, the 
FennRourke moves may be rendered schematically as 
where the band on the left-hand sides denotes any collection of parallel 
strands, however oriented, and on the right-hand sides the same collection 
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with the indicated twist. (Note there is no need to use linking numbers to 
recompute the framing! ) 
The proof that these moves are sufficient (in the sense that any two 
presentations of diffeomorphic 3-manifolds are related by them) is deep 
and too long to recapitulate here. That they are necessary may be seen as 
follows: observe that attaching a handle to the closed component in 
the left-hand side of either equation and then passing to the boundary is 
equivalent to a Dehn surgery with coefficient + 1. However, the resulting 
manifold is still S3, as may be seen by taking the diffeomorphism obtained 
by cutting open the disk spanning the “new” solid torus, and regluing after 
a single twist in the appropriate direction. This diffeomorphism, however, 
introduces a twist in the portion of the tangle passing through the disk, 
giving the right-hand side of each relation. 
Rendering the relations in terms of the categorical structure we make: 
DEFINITION 3.9. K, the category of Kirby tangles, is the free (strict) 
braided pivotal category on one object generator module the relations 7’6, 
and 
where X is any object, an A is the generator (depicted by the single strand 
in the schemes). 
It then follows from the preceding and the results of Kirby [lo] that 
End,(I) is in canonical isomorphism with the set of diffeomorphism classes 
of compact orientable 3-manifolds. Moreover, to discover invariants of 
3-manifolds by our methods it suffices to find a braided pivotal category in 
which calculations can easily be carried out, and an object, A, therein 
satisfying T6f and Kl and K2 whenever X is a (poss.ibly empty) monoidal 
product of A’s and A*‘s. 
In the next section we take up the task of finding braided pivotal 
categories and objects therein with the necessary properties to derive 
invariants of links, framed links, and 3-manifolds. 
4. OTHER BRAIDED PIVOTAL CATEGORIES AND 
REPRESENTATIONS OF CATEC~RIES OF TANGLES 
In order to exploit Theorem 3.6 to uncover topological invariants it is 
necessary to have a good selection of braided pivotal categories with easily 
computable traces. 
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4.1. The Jones Polynomial Revisited 
The diagrammatic description of maps in compact closed categories first 
occurring in Kelly [S], where the topological application was not pursued 
because of the assumption of symmetry, suggests a categorical view of 
Kauffman’s diagram algebra. 
To do this we consider pivotal categories enriched over a commutative 
ring, R, that is, in which each horn-set has an R-module structure, and in 
which composition is bilinear. In particular, we begin with the free 
R-enriched (strict) pivotal category on a self-dual generator (i.e., A = A*): 
THEOREM 4.1.1. The ,free (strict) pivotal category on a self-dual gener- 
ator, IF, is the subcategory of Thnung consisting of all crossing-free tangles, and 
thus R[[F], the free R-enriched (strict) pivotal category on a self-dual gener- 
ator. has the same objects, but hom,[,,(n, m) is the free R-module on 
hom,(n, m), with composition and @ given by the unique bilinear extension 
of those on F. 
Note that here we have neither a braiding nor a symmetry. In order to 
reconstruct the Jones polynomial, we must force End(l) to be R by passing 
to a quotient. In particular, in any such quotient, the endomorphism of I 
pictured as a single simple closed curve must become equal to some ele- 
ment of R, say 6. But, since any endomorphism of I in R[F] is a linear 
combination of maps pictured as finite unions of non-intersecting simple 
closed curves, the choice of a 6 is also sufficient. We are now in a position 
to define a categorical version of Kauffman’s diagram algebra: 
DEFINITION 4.1.2. The diagram category, D(R, 6) is the quotient of 
R[F] determined by the condition qA s,q = 6 . 1 ,, where A is the self-dual 
generator. 
Quite remarkably, for suitable choices of 6, D( R, 6) is equipped with a 
family of braidings. Since D(R, 6) has a single self-dual object generator, 
A, it is easy to reconstruct a braiding, O, from its A, A component. Con- 
sider maps of the form I . 1 ,4 o A + y . cA ~1,~. In an analysis identical to that 
used in Kauffman’s construction of the Jones polynomial from the “general 
bracket.” we find: 
THEOREM 4.1.3. Coefficients x, y define a braiding, a”,-’ on D( R, 6) [f 
and only if they satisfy 
DBl:xy= 1 and 
DB2:x2+y2+6=0. 
It is easy to verify that the resulting braiding also satisfies T6,, and thus 
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that the functor i, ~, l.: [WOTanrm~ + D(R, S) induced by sending the gener- 
ator to X and the braiding to C? ’ determines an invariant of framed links. 
In the case of X= A, it follows from analyses in Kauffman that when the 
framing is corrected to 0 (either before or after computing) that this is 
equivalent to the Jones polynomial in a variable t, with is related to S as 
the square of a root of 
t2+6r+ 1 =o. 
Thus the Jones polynomial enjoys the following universal property: given 
any (strict) pivotal category enriched over R on a self-dual generator, @. 
with End(Z) = R, the family of all braidings on @ will include those given 
by the locus of 
and thus the family of link invariants derivable as traces from the family of 
braidings on C must include the part of the Jones polynomial rational 
over R. 
4.2. Crossed G-Sets 
The following example provides a wealth of topological invariants, and 
hints at connections between the theory of braided categories and group 
cohomology besides those made explicit in Joyal and Street [S]. 
DEFINITION 4.2.1. A (fi:nite) crossed G-set is a (finite) (right) G-set 
r: Xx G -+ X, together with a map 11: X+ G such that the following 
diagram commutes: 
GxG -G 
WiJ. 
where adj: G x G + G is the right action of G on itself by conjugation. A 
map of crossed G-sets, f: X -+ Y, is a G-equivariant map such that 
We denote the category of finite crossed G-sets by G - XSfi. 
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The reader will note that this is the usual definition of a crossed 
G-module, except that the group structure on X (and all conditions relating 
to it) has been dropped. 
Although G-XSf is not itself braided pivotal, we build upon its structure 
to derive a large family of braided pivotal categories. 
THEOREM 4.2.2. For any group, G, G-XSf is a braided monoidal 
category, X@ Y, being given on under!ving sets by the cartesian product 
Xx Y with the coordinatewise G-action, and 
the braiding ax, ).I X0 Y+ Y@X being given by a,,,(x,y)=(y, CL(X, I yl)), 
its inverse being given by oi\-.\(x, y) = (a(y, Ix/ ‘), x). 
The proof is routine and left to the reader. 
G-XSff is not pivotal, but there is already a candidate for X*, to wit, X 
with I ( replaced by I ( - ‘. (The exponent denotes group inverse in G. ) 
To repair this failure, we choose a commutative base ring, R, and pass 
to “matrices over R”: 
DEFINITION 4.2.3. G-XM&/R, the category of matrices over R indexed 
by finite crossed G-sets, has as objects all finite crossed G-sets, but 
hom(X, Y) is the set of all matrices, M, over R indexed by pairs 
(x, y) E Xx Y, and satisfying 
THEOREM 4.2.4. G-XM&/R is pivotal, with X* having the same under- 
lying G-set as X, but I I replaced by I I ~ ‘, and with v and i: determined by 
and 
where 6 is the Kronecker 6. 
Proof Pl, P2, and P3 all follow easily from elementary properties of 
the Kronecker 6. 
It is easy to see that the permutation matrix for any component of the 
braiding on G-XSlf is in G-XM&/R, and that these taken together give a 
braiding on G-XMII~/R. A little later we will turn to the task of finding and 
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exploiting more braidings on G-XMail/R, but now we examine some 
invariants arising from this “standard” braiding: 
Consider a crossed G-set, X, and the functor P,~: WDlIa~rm~ -+ G-XMad/R 
induced by sending the generator to X. If X is to satisfy T6, an easy 
calculation shows it is necessary and sufficient that ,,I- satisfy 
Or, equivalently, 
Again equivalently 
which is in turn equivalent to the condition that the “self-action” map, 
( 1 .Y, I I ) r : X -+ X, is the identity. 
Thus, for example, if G is finite, and X is G with the adjoint action, and 
I I = 1 G, the functor p.u factors through 0lJa~ung, and the trace of the image 
gives us a link invariant, which we denote (G; R}(L) for a link L. 
Easy calculations show, for example, that -(G; Z} (unknot) = order of G; 
{G; Zl(Hopf link)= # of commuting pairs in G; and [G, Z )(trefoil) = 
#((X,J’)I qx l =I’ ‘q). 
In general, (G; Z j will be the number of n-tuples of elements in G 
satisfying a set of II or fewer equations. The obvious algorithm for comput- 
ing {G; Z} from a link diagram, D, has complexity of order 
(#G) # of hndges in II (# crossings in D), 
and thus is tractable only for small G, and small bridge index links. 
For this particular crossed G-set, however, {G; Z>(L) depends only 
upon z,(S3 - L). In particular: 
PROPOSITION 4.2.5. {G; 12) (L) is the number of group homomorphisms 
from n,(S3 - L) to G. 
Proof: A presentation of the knot group can be obtained by taking as 
generators the set of local maxima (more correctly the loops passing from 
the point at m-the observer’s eye-around a meridianal disk at each local 
maximum using the right-hand rule and back to the point at co), and 
deriving labels (as words of these generators) for all arcs by conjugating 
the label of the undercrossing arc lying toward the top of the page by the 
label of the overcrossing arc to give the label of the undercrossing arc 
toward the bottom of the page, this conjugation being done in the same 
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sense as in the construction of the Wirtenger presentation (e.g., at the 
unlabled arc is to be labled .x~L~ ’ ). In this way all arcs will be uniquely 
labeled, except those with local minima. Taking as relations the equating 
of the two labels at every minimum gives a presentation of the knot group. 
X 
/ 
\ 
Y 
J 
X 
Now notice that (G; Z} (L) for an n-bridge presentation of L is precisely 
the number of n-tuples of elements in G satisfying the relations derived 
above, i.e., the number of group homomorphisms from the knot group 
to G. 
More generally, it is possible to regard any crossed G-set, A’, with trivial 
“self-action” as a quandle (in the language of Joyce [6] } with 
xa.y=cr(x, IyI)andxC’ay=a(x,(yI~~‘)andthepair(X,G)asanaug- 
mented quandle. (1; Z)(L) can be shown by the same sort of argument as 
above to be number of quandle homomorphisms from the knot quandle 
to x. 
We now turn to the question of finding more braidings on G-XMlz~at/R, 
and the properties required of one of these braidings and a crossed G-set 
to yield invariants of links (resp. framed links, 3-manifolds). In the proofs 
which follow, the reader should keep firmly in mind the observation that 
the “self-action” map is always invertible, with inverse given by ( 1 ,Y, 11 ‘)a. 
We consider what is in effect a small perturbation of the “standard” 
braiding. Namely, given objects A and B, we consider matrices of the form 
CD /LB= C~b,h’~a,.?,o.Ihl)~(lal, IhI) 
(rev. ~A.B=C~,,h,l,l~~,,b,~,,,.Il/(lal, IWI) 
indexed by pairs ((a, 6) (6’, a’)) E A @ B x B@ A, and solve for conditions 
to ensure that the Q’s are components of a braiding with the Y’s as 
components of the inverse braiding: 
THEOREM 4.2.6. Families of matrices @ and Y us above determine a 
braiding on G-XMaaIR if and only if theJ> sati& 
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MBl:t/g,h,k~G ~(g,Ir)=~(k~‘gk,k~‘hk), 
MB2:Vg,hEG &g,Ir)$(lz,g)=l, 
MB3:Vg,h,kEG ~(s,Iz)~(g,k)=~(g,kh), 
MB4:Vg,h,kEG &g,k)&h,k)=&gh,k). 
Proqf: For matrices of the given form XM2 is immediate, while MB1 is 
equivalent to XA41. In the presence of MBl, MB2 is equivalent to @A,g’~ 
inverse being Y,, A. MB3 is equivalent to Bl (again one must use MB1 to 
reduce a more complicated relation), MB4 to B2, while naturality of @J 
follows from MBl. Verifications are left to the reader (the most difficult is 
naturality). 
Note that it follows from the commutativity of R and MB3 and MB4 
that 4 (and $) must be class functions in each variable separately. Thus CJ~ 
must be simply a bilinear function from G x G to a subgroup of the group 
of units of R, Y(R). 
For finite G it is very easy to construct such 4: Let x,: G + Y(R), i = 1,2, 
be any two characters of G, and let r be the subgroup of Y(R) generated 
by their image. Since r is a finite abelian group, we may choose an 
isomorphism with a product fl Z/n,. Now let * denote the lift of the multi- 
plication on n Z/n, to r, then #(g, h) = x,*x2 is a function with the desired 
properties. More generally given any distributive algebra structure with 
some subgroup of Y(R) containing I7 as underlying additive group, the 
product (in the sense of this new algebra) of two R-valued characters will 
have the desired property. 
One can also cary out “generic” constructions: take the ring generated 
by all symbols of the forms $(g, h) and $( g, 17) for g, h E G, and quotient 
by the necessary relations. 
We now turn to conditions on a braiding of the form @ and a crossed 
G-set X to give relations T6 (resp. T6,; T6,, Kl, and K2). The case of T6 
turns out to yield nothing new: only the “standard” braiding (i.e., CJ~ z 1 ), 
with X satisfying a(.~, Isi) = X, gives an induced functor [w0Uhnun~ -+ 
G-XMSI%/R which factors through OUaung. However: 
THEOREM 4.2.7. For any @ of‘ the ahoue form, and any crossed G-set, X, 
the jiinctor induced by the freeness condition qf Theorem 3.6 and carrying the 
generator to X, ROUmng --f G-XMatJR, ,fktors through IFaBknun~. 
Proof: As easy calculation shows that the image of 
(rl,~O~)(~*O~.l.,)(Eq*O~)(YlqO~)(~*O~.,:)(C,*O~) 
is a matrix indexed by pairs (.Y, J,) E Xx X, whose (.u, ~3) entry is 
d(l.dl I-~l)~(l.A. I-~I)~,,..,..,, ,,,, ‘1. 
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Thus for T6,- to hold, it is necessary and sufficient for X to satisfy 
x(x, IxI)=cw(,v, I y/)=js=y 
and the coefficient functions to satisfy d( g, g) \c/( g, g) = 1. but this latter 
follows from MB2, while the condition on X is always satisfied since the 
map which sends x to ~(x, 1x1) is invertible. 
The conditions for an induced functor from [wOUa~rn~ --) G-XMafl/R to 
factor through K are the most difficult: 
THEOREM 4.2.8. For @ of the above form, and a crossed G-set, A, the 
finctor induced by the freeness condition of Theorem 3.6, UWD?TCUNJ -+ 
G-XMznf/R, factors through lib if and only if the following hold: 
MK~:V~EAV~EG, [!$a, jal)=cc(a,g)-VbEA (z(b, lal)=!x(b,g))], 
MK2:‘@‘gG,C,,s,,, 4(la13 lal)d(sT lal m’)d(lal ‘tg)d(g,g)= 1, 
and 
MK3:V’gEGti Cutzr,nl $(lal, lal)d(gT lal ‘)~(lal~‘,g)IC/(g,g)=l, 
whereS(g)is{bEA I cr(b, Iblglbl ‘)=cx(b, Ibl)};T(g)is{bEA ( r(b, IbIg) 
= b); and G, is the subgroup of G generated by the image of I I : A + G. 
Proof Recall the sense in which A satisfies Kl and K2 with respect to 
a braiding: the other object, X, in Kl and K2 must be allowed to range 
over all monoidal products of A’s and A*‘s (including 1, as the empty 
product). 
It is easiest to keep track of compositions in G-XLllant/R by regarding the 
matrices as giving R-linear maps between the free R-modules on the 
crossed G-sets involved, and computing the images of the generators. 
Thus the image of the left-hand side of Kl carries .Y E X to 
x,u,~u~~~Ilu~ ~,,.(,,I.~-~~I~/(I~~ lal)~(l-~13 lal ‘1 
xd(lal ‘, I-~I)a(-~, lal ‘1 
while the image of the right-hand side carries x to 
Now t~(x, I yl) = y if and only if x = c((y, I y) -I), but this implies that 
Ix I = I y I, and thus that y = a(,~, / .Y I ). Hence the last sum reduces to 
d( I -I- I? I -I- I) dx, I x I ). 
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Thus, for the two sides of the equation to be equal it is necessary and 
sufficient that MK3 hold, and that for all X, a monoidal product of A’s 
and A*% 
VUEAV.YEXCL(U, lull-xl/al ‘)=%(a, Ial ‘)=>a(.~, l.vl)=a(.u, juj ‘). 
And, since the map which takes a to c((u, I a I ‘) is an invertible, and 
I a(u, I a I )I = /a I, this last is equivalent to 
Vu~Ab’.u~Xa(u, lal)=~(u, 1.~1 ‘)+r(s, I-ul)=a(s, Ial ‘) 
and thus to 
VuE A VsE Xa(u, 1 al) = a(u, 1.~1~ ‘) * s((.Y, Ia/) = x(x, Ix/ ‘). 
Now recall that this must hold for all X of the appropriate form, and that 
on such an X, elements are n-tuples of elements from A (and A * ) for some 
4 with G acting coordinatewise, and if .Y = (u,, __., a,,) then I XI = 
lU,I”‘~~‘~‘IU,I”“, where F, is 1 if the ith coordinate is A. and - 1 if the ith 
coordinate is A*. 
Thus, since I x I can be any element of G,, and the equation on the right 
of the last implication must be interpreted coordinatewise, and moreover 
any element of A can occur in an n-tuple, x, with any value of I x.1, the 
validity of the last implication above for all X is equivalent to MKl. 
Similar considerations show that for @ and A as in the statement of the 
theorem, M2 is equivalent to MKI and MK2. 
Let {G, X, R, d).(D) denote the trace in G-XMhnil/R of the image of an 
endomorphism D in FKDlJaung under the functor induced by freeness and 
carrying the generator to X and the braiding to @; if C+JI is standard, we 
write {G, X, R j(D). Similarly, if the induced functor factors through 
CDUann~ (resp. [FrUa~noo~~, 06) and N is an oriented link (resp. framed link, 
compact orientable 3-manifold) let {G, X. R, 4) (N) denote the correspond- 
ing invariant. 
We note some elementary properties of the {G, X;R, q5 j’s: 
PROPOSITION 4.2.9. If L, K are framed links, and L u K is their disjoint 
union. then 
{C, R, X, c~j(LuK)= , ‘C, R, X. d)(L){G, R, X, d)(K), 
If M, N are 3-manifolds, M# N their connected sum, and X und 1+5 sutisfv 
MKl-MK3, then 
(G, X, R, #}(M#N)= (G, X, R, #}(M)lG. X, R, d)(N). 
On the other hand, there is no formula for {G, X, R 4) (L#K) 
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(connected sum of links) in terms of {G, X, R, 4}(L) and {G, X, R, 4) (K). 
(Indeed, the two different connected sums of the Hopf link and (unknot u 
Hopf link) are distinguished by {C,, Z}.) 
We now turn our attention to the construction of examples. It is not 
claimed that the invariants constructed here are intrinsically interesting, 
but only that they are typical of those arising from the machinery 
developed above. The most remarkable feature of the 3-manifold invariants 
developed here is simply that they are easily computable from a surgery 
presentation of the manifold: 
The condition MKl may be read more or less as “I a 1 acts as freely as 
it does on a.” So an obvious candidate is G x G with G acting on the first 
coordinate by right translation, and on the second by right conjugation, 
with 11 being the second projection. This, however (at least in the examples 
considered by the authors), does not yield anything interesting. 
A slight variation, however, does. We restrict our attention to the 
“standard” braiding, so MK2 and MK3 become #S(g) = 1 and # T(g) = 1 
in R. Under the assumption that G acts faithfully on X, S(g) (resp. T(g)) 
is {aEXlg=lull (resp. {aEXlg ‘=IaI}). 
Now, let X= [n] x Gtrans x G,,,,, where [n] is the n-element trivial G-set 
and Grans (resp. G,,,,) is G with the action by right translation (resp. 
conjugation). Now let R = Z/r, where n( #G) z 1 mod r. 
Then, the pivotal functor ROTang + G-XMIIO~II/R induced by sending the 
generator to X and sending the braiding to the standard braiding factors 
through Db, and thus the trace of any endomorphism, is an invariant of the 
3-manifold arising from its closure (as a framed link) via Kirby’s construc- 
tion. 
For example, take ?I = 3, G = C3 9 and R = Z/l 7, and write {G, X, R)(M) 
for the value on any presentation of a 3-manifold M by surgery instruc- 
tions. 
We have 
{G,X, R}(S’xS2)=6 
{G. X, R)(S3)= 1 
{G X R}(U4,3))=4 
(G, X R}(UZ 3))=4 
(G.X, R}(L(3,4))=3 
(C, X, R}(L(3,4)#L(4, 3)) = 12 
(G, X, R} (Poincare Manifold) = 1 
This last raises the question of whether any X’s of the above form yield 
invariants which distinguish various homology 3-spheres. In the case of the 
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Poincart manifold and the 3-sphere, the question reduces to whether the 
group given by generators and relations by (g, h 1 ghg = hgh; g3 = Izg’h) 
has any non-trivial finite quotients. (It is not even known whether this 
group itself is trivial.) 
It is entirely possible that the braided pivotal categories constructed from 
groups are “too commutative” to detect differences between homology 
spheres. P. Deligne has suggested the possibility of constructing braided 
pivotal categories from “quantum groups” (i.e., Hopf algebras with 
antipode which are neither commutative nor co-commutative). 
In any event, the interpretation of 3-manifold invariants constructed 
from representations of D6 is likely to be difficult in the sense that the com- 
putations are “local’‘--taking place in a small patch of S1 where part of a 
handle is attached-while the results are “global”encompassing the 
whole 3-manifold. 
One possible approach is to observe that the category of Kirby tangles 
has a “more geometric” description: 
Maps are named by families of framed oriented curves lying in a 
3-manifold with boundary, M, arising from [0, 11’ by Dehn surgeries with 
integer coefficients. Two such configurations name the same map if they are 
equivalent under the equivalence induced by isotopies (of curves in a fixed 
manifold, M) and the “move” of doing a Dehn surgery and inserting the 
meridian of the “new” solid torus with the framing which describes the 
inverse surgery. 
Another possible approach lies in a better understanding of the cobor- 
dism categories for low dimensional manifolds. If a sufficiently simple 
characterization can be derived, it may be possible to move all of Cerf 
theory (and with it Kirby’s proof) into the categorical setting. This 
approach is favored by the authors. 
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